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Abstract
Suppose f is a spirallike function of type β (or starlike function of order α) on the unit disk D in C.
Let Ωn,p1,p2,...,pn = {z = (z1, z2, . . . , zn)′ ∈ Cn:
∑n
j=1 |zj |pj < 1}, where 1  p1  2 (or 0 < p1  2),
pj  1, j = 2, . . . , n, are real numbers. In this paper, we prove that
Φn,β2,γ2,...,βn,γn (f )(z) =
(
f (z1),
(
f (z1)
z1
)β2(
f ′(z1)
)γ2z2, . . . ,
(
f (z1)
z1
)βn(
f ′(z1)
)γnzn
)′
preserves spirallikeness of type β (or starlikeness of order α) on Ωn,p1,p2,...,pn , where βj ∈ [0,1], γj ∈
[0, 1pj ], and βj + γj  1, pj is the same as above, we choose the branches such that(
f (z1)
z1
)βj ∣∣∣∣
z1=0
= 1, (f ′(z1))γj ∣∣z1=0 = 1, j = 2, . . . , n.
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In 1995, Roper and Suffridge [14] introduced an extension operator as follows:
Φn(f )(z) = F(z) =
(
f (z1),
√
f ′(z1)z0
)′
, (1.1)
where f is a normalized locally biholomorphic function on the unit disk D in C, z = (z1, z0)′ be-
longs to the unit ball Bn in Cn, z1 ∈ D,z0 = (z2, . . . , zn) ∈Cn−1, the symbol ′ means transpose,
and we choose the branch of the square root such that
√
f ′(0) = 1.
The Roper–Suffridge extension operator has remarkable properties such as preserving star-
likeness, convexity and mapping a normalized Bloch function on D into a Bloch mapping
on Bn. These results were proved by Roper and Suffridge [14], Graham and Kohr [8]. Using
the Roper–Suffridge extension operator, we may construct many concrete examples of these
mappings on Bn. This is one reason why this extension operator arouses great interest.
In [7], Graham, Hamada, Kohr and Suffridge extended the operator (1.1) as
Φn,β,γ (f )(z) = F(z) =
(
f (z1),
(
f (z1)
z1
)β(
f ′(z1)
)γ
z0
)′
,
where β ∈ [0,1], γ ∈ [0, 12 ], and β + γ  1, f, z1, z0, z as above, and we choose branches such
that
(f (z1)
z1
)β |z1=0 = 1, (f ′(0))γ = 1. They prove that Φn,β,γ preserves starlikeness, and preserv-
ing convexity if and only if (β, γ ) = (0, 12 ). When β = 0 or γ = 0, the above result was proved
by Graham, Kohr et al. [10], and Graham, Kohr [9], respectively.
After that, Gong and Liu [3] proved the generalized Roper–Suffridge extension operator
Φ
n, 1
p2
,..., 1
pn
(f )(z) = (f (z1), (f ′(z1))1/p2z2, . . . , (f ′(z1))1/pnzn)′
on Ωn,p2,...,pn = {z ∈Cn: |z1|2 +
∑n
j=2 |zj |pj < 1} preserves ε starlikeness, where pj  1, j =
2, . . . , n, f, z1 as above. When ε = 0 or 1, Φn,1/p2,...,1/pn(f ) preserves starlikeness or convexity
on Ωn,p2,...,pn . Also when p2 = · · · = pn = p, the above result is the same result of [4].
Recently, Liu and Liu [12] introduced the following generalized Roper–Suffridge extension
operator:
Φn,β2,γ2,...,βn,γn(f )(z)
=
(
f (z1),
(
f (z1)
z1
)β2(
f ′(z1)
)γ2z2, . . . ,
(
f (z1)
z1
)βn(
f ′(z1)
)γnzn
)′
,
where βj ∈ [0,1], γj ∈ [0, 1pj ], βj + γj  1, and we choose the branch of the power functions
such that
(f (z1)
z1
)βj |z1=0 = 1 and (f ′(z1))γj |z1=0 = 1, j = 2, . . . , n. They proved that this opera-
tor preserves starlikeness on Ωn,p2,...,pn .
Definition 1.1. [1] Suppose G is a bounded convex circular domain which contains the origin
in Cn, and suppose f is a normalized biholomorphic mapping on G. If e−te−iβ f (G) ⊂ f (G) for
all t  0, then f is said to be spirallike of type β .
The definition of the spirallike mappings of type β is the same as in the case n = 1. Also, if
β = 0, then Definition 1.1 is the definition of normalized biholomorphic starlike mappings.
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Minkowski functional, ρ(z)(z ∈ Ω) ∈ C1 except for a lower dimensional manifold in Ω¯ , and
0 < α < 1. A normalized locally biholomorphic mapping f :Ω → Cn is said to be starlike of
order α if∣∣∣∣ 2ρ(z) ∂ρ(z)∂z J−1f (z)f (z) − 12α
∣∣∣∣< 12α , ∀z ∈ Ω \ {0}.
Starlike mappings of order α were originally introduced on the Euclidean unit ball in Cn by
G. Kohr [11] and P. Curt [2].
It is known that a starlike mapping of order α is biholomorphic on Ω .
Note that the results in [3,12] are obtained on the domain Ωn,p2,...,pn . But with respect to
the domain Ωn,p1,p2,...,pn = {z = (z1, z2, . . . , zn)′ ∈ Cn:
∑n
j=1 |zj |pj < 1}, 1  p1  2 (or 0 <
p1  2), pj  1, j = 2, . . . , n, does the operator
Φn,β2,γ2,...,βn,γn(f )(z) =
(
f (z1),
(
f (z1)
z1
)β2(
f ′(z1)
)γ2z2, . . . ,
(
f (z1)
z1
)βn(
f ′(z1)
)γnzn
)′
preserve spirallikeness of type β (or starlikeness of order α) on Ωn,p1,p2,...,pn? Here βj ∈ [0,1],
γj ∈ [0, 1pj ], and βj + γj  1, pj is the same as above, we choose the branches such that(f (z1)
z1
)βj |z1=0 = 1, (f ′(z1))γj |z1=0 = 1, j = 2, . . . , n. In this paper, we give an affirmative an-
swer for the above question.
2. Generalized Roper–Suffridge operator preserves spirallikeness of type β
In order to prove the main theorem in this section, we first give some lemmas, Lemma 2.1 is
well known.
Lemma 2.1 (Schwarz–Pick lemma). Suppose f is a holomorphic function on the unit disk D
in C, and f (D) ⊂ D. Then
∣∣f ′(z)∣∣ 1 − |f (z)|2
1 − |z|2 .
Lemma 2.2. Suppose 0 < p  2. Then g(t) = 1−tp1−t2 is decreasing on the straight line segment[0,1).
Proof. Straightforward computation shows that
g′(t) = 1 − t
p
1 − t2
(−ptp−1
1 − tp +
2t
1 − t2
)
= t
(1 − t2)2
[−ptp−2(1 − t2)+ 2(1 − tp)]
= t
(1 − t2)2
[
2 − (2 − p)tp − ptp−2].
Denote h(t) = 2 − (2 − p)tp − ptp−2, t ∈ (0,1). Then h′(t) = p(2 − p)(tp−3 − tp−1)  0,
t ∈ (0,1). Note that h(1) = 0, therefore h(t) h(1) = 0, t ∈ (0,1). Hence g′(t) 0. This com-
pletes the proof. 
By Lemmas 2.1 and 2.2, we may prove the following theorem.
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j = 2, . . . , n. Suppose
ΩN =
{
(z1, z, . . . ,w)
′ ∈C×Ck2 × · · · ×Ckn : |z1|p1 + ‖z‖p22 + · · · + ‖w‖pnn < 1
}
,
where 1 p1  2,pj  1, j = 2, . . . , n, N = 1 + k2 + · · · + kn, z1 ∈ C, z ∈ Ck2, . . . ,w ∈ Ckn .
If f is a spirallike function of type β(−π2 < β < π2 ) on the unit disk D in C, then
ΦN,β2,γ2,...,βn,γn(f )(z)
=
(
f (z1),
(
f (z1)
z1
)β2(
f ′(z1)
)γ2z, . . . ,(f (z1)
z1
)βn(
f ′(z1)
)γnw)′ (2.1)
is a spirallike mapping of type β on ΩN , where βj ∈ [0,1], γj ∈ [0, 1pj ], βj + γj  1,
j = 2, . . . , n, and we choose the branch of the power function in (2.1) such that (f (z1)
z1
)βj |z1=0 = 1,
(f ′(z1))γj |z1=0 = 1, j = 2, . . . , n.
Proof. It is easy to verify that ΩN is a bounded convex circular domain. For any t ∈ [0,+∞),
(z1, z, . . . ,w)′ ∈ ΩN , where z1 ∈ D, z ∈Ck2 , . . . , w ∈Ckn , if we can find (u1, u, . . . , v)′ ∈ ΩN ,
where u1 ∈ D, u ∈Ck2 , . . . , v ∈Ckn , such that(
f (u1),
(
f (u1)
u1
)β2(
f ′(u1)
)γ2u, . . . ,(f (u1)
u1
)βn(
f ′(u1)
)γnv)′
= exp(−e−iβ t)(f (z1),
(
f (z1)
z1
)β2(
f ′(z1)
)γ2z, . . . ,(f (z1)
z1
)βn(
f ′(z1)
)γnw)′, (2.2)
then Theorem 2.1 has been proved.
Since f is a spirallike function of type β on D, for any t ∈ [0,+∞), and z1 ∈ D, there exists
u1 ∈ D such that
f (u1) = exp
(−e−iβ t)(f (z1)). (2.3)
Thus the right-hand side of (2.2) is(
f (u1), exp
(−e−iβ t)(f (z1)
z1
)β2(
f ′(z1)
)γ2z, . . . , exp(−e−iβ t)(f (z1)
z1
)βn(
f ′(z1)
)γnw)′.
Let
(u, . . . , v)′
=
(
exp
(−e−iβ t)
(f (z1)
z1
)β2(f ′(z1))γ2z(f (u1)
u1
)β2(f ′(u1))γ2 , . . . , exp
(−e−iβ t)
(f (z1)
z1
)βn(f ′(z1))γnw(f (u1)
u1
)βn(f ′(u1))γn
)′
. (2.4)
According to Definition 1.1, we need to prove the following inequality
‖u‖p22 + · · · + ‖v‖pnn < 1 − |u1|p1 (2.5)
holds. From (2.3), we have
u1(z1) = f−1
[
exp
(−e−iβ t)f (z1)]. (2.6)
Hence, u1 is a holomorphic function on D, f (D) ⊂ D, and u1(0) = 0. In view of Lemma 2.1,
we obtain
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∣∣∣∣ 1 − |u1|21 − |z1|2 . (2.7)
From (2.6), we have
du1
dz1
= exp(−e−iβ t) f ′(z1)
f ′(u1)
. (2.8)
Substituting (2.8) into (2.4), we obtain
(u, . . . , v)′ =
(
a(t)
(
u1
z1
)β2(du1
dz1
)γ2
z, . . . , b(t)
(
u1
z1
)βn(du1
dz1
)γn
w
)′
, (2.9)
where a(t) = exp(−(1 − β2 − γ2)e−iβ t), b(t) = exp(−(1 − βn − γn)e−iβ t).
In view of Schwarz lemma, we have |u1| |z1|. Also according to Lemma 2.2, it yields that
1 − |z1|p1
1 − |z1|2 
1 − |u1|p1
1 − |u1|2 .
So
1 − |u1|2
1 − |z1|2 
1 − |u1|p1
1 − |z1|p1 . (2.10)
Since βj ∈ [0,1], γj ∈ [0, 1pj ], and βj + γj  1, j = 2, . . . , n. From (2.7), (2.9), and (2.10), we
have
‖u‖p22 + · · · + ‖v‖pnn 
∣∣∣∣du1dz1
∣∣∣∣
p2γ2
‖z‖p22 + · · · +
∣∣∣∣du1dz1
∣∣∣∣
pnγn
‖w‖pnn

(
1 − |u1|2
1 − |z1|2
)p2γ2
‖z‖p22 + · · · +
(
1 − |u1|2
1 − |z1|2
)pnγn
‖w‖pnn
 1 − |u1|
2
1 − |z1|2 ‖z‖
p2
2 + · · · +
1 − |u1|2
1 − |z1|2 ‖w‖
pn
n
 1 − |u1|
p1
1 − |z1|p1
(‖z‖p22 + · · · + ‖w‖pnn )< 1 − |u1|p1 .
Hence (2.5) holds, this completes the proof. 
When k2 = · · · = kn = 1, from Theorem 2.1, we immediately obtain the following corollary.
Corollary 2.1. Suppose Ωn,p1,p2,...,pn = {z = (z1, z2, . . . , zn)′ ∈ Cn:
∑n
j=1 |zj |pj < 1}, where
1  p1  2, pj  1, j = 2, . . . , n. If f is a spirallike function of type β (−π2 < β < π2 ) on the
unit disk D in C, then
Φn,β2,γ2,...,βn,γn(f )(z)
=
(
f (z1),
(
f (z1)
z1
)β2(
f ′(z1)
)γ2z2, . . . ,
(
f (z1)
z1
)βn(
f ′(z1)
)γnzn
)′
(2.11)
is a spirallike mapping of type β on Ωn,p1,p2,...,pn , where βj ∈ [0,1], γj ∈ [0, 1pj ], βj + γj  1,
j = 2, . . . , n, and we choose the branch of the power function in (2.11) such that(f (z1))βj |z1=0 = 1, (f ′(z1))γj |z1=0 = 1, j = 2, . . . , n.z1
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present, in view of the fact that the criterion for spirallike mappings of type β on bounded starlike
circular domain in Cn does not exist, in general, we do not investigate the property of spirallike
mappings of type β on bounded starlike circular domain. However, the criterion for normalized
biholomorphic starlike mappings on bounded starlike circular domain exists (see [5]), therefore,
using the same method in the proof of Theorem 2.1, we have
Theorem 2.2. Suppose ‖.‖j is the Banach norm of Ckj , where each kj is a positive integer,
j = 2, . . . , n. Suppose
ΩN =
{
(z1, z, . . . ,w)
′ ∈C×Ck2 × · · · ×Ckn : |z1|p1 + ‖z‖p22 + · · · + ‖w‖pnn < 1
}
,
where 0 < p1  2, pj  1, j = 2, . . . , n, N = 1 + k2 + · · · + kn, z1 ∈ C, z ∈ Ck2, . . . ,w ∈ Ckn .
If f is a normalized biholomorphic starlike function on the unit disk D in C, then
ΦN,β2,γ2,...,βn,γn(f )(z)
=
(
f (z1),
(
f (z1)
z1
)β2(
f ′(z1)
)γ2z, . . . ,(f (z1)
z1
)βn(
f ′(z1)
)γnw)′ (2.12)
is a normalized biholomorphic starlike mapping on ΩN , where βj ∈ [0,1], γj ∈ [0, 1pj ],
βj + γj  1, j = 2, . . . , n, and we choose the branch of the power function in (2.12) such that(f (z1)
z1
)βj |z1=0 = 1, (f ′(z1))γj |z1=0 = 1, j = 2, . . . , n.
When k2 = · · · = kn = 1, from Theorem 2.2, we directly obtain the following corollary.
Corollary 2.2. Suppose Ωn,p1,p2,...,pn = {z = (z1, z2, . . . , zn)′ ∈ Cn:
∑n
j=1 |zj |pj < 1}, where
0 < p1  2, pj  1, j = 2, . . . , n. If f is a normalized biholomorphic starlike function on the
unit disk D in C, then
Φn,β2,γ2,...,βn,γn(f )(z)
=
(
f (z1),
(
f (z1)
z1
)β2(
f ′(z1)
)γ2z2, . . . ,
(
f (z1)
z1
)βn(
f ′(z1)
)γnzn
)′
(2.13)
is a normalized biholomorphic starlike mapping on Ωn,p1,p2,...,pn , where βj ∈ [0,1], γj ∈
[0, 1
pj
], βj + γj  1, j = 2, . . . , n, and we choose the branch of the power function in (2.13)
such that
(f (z1)
z1
)βj |z1=0 = 1, (f ′(z1))γj |z1=0 = 1, j = 2, . . . , n.
When p1 = 2, Corollary 2.2 is the corresponding result of [12].
Remark 2.1. Suppose £ is a nonempty subclass of normalized biholomorphic mappings on
ΩN =
{
(z1, z, . . . ,w)
′ ∈C×Ck2 × · · · ×Ckn : |z1|p1 + ‖z‖p22 + · · · + ‖w‖pnn < 1
}
,
where 0 < p1  2,pj  1, j = 2, . . . , n, N = 1 + k2 + · · · + kn, z1 ∈ C, z ∈ Ck2, . . . ,w ∈ Ckn .
Let 0 < r  1, and let
ΩrN =
{
(z1, z, . . . ,w)
′ ∈C×Ck2 × · · · ×Ckn :
∣∣∣∣z1r
∣∣∣∣
p1
+
∥∥∥∥zr
∥∥∥∥
p2
+ · · · +
∥∥∥∥wr
∥∥∥∥
pn
< 1
}
,2 n
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r∗(£) = sup{r: F is a normalized biholomorphic starlike mapping on ΩrN, F ∈ £}.
Denote S be the class of all the normalized biholomorphic functions on the unit disk
in C. For each f ∈ S, in view of the proof of Theorem 2.1, we obtain that F(z) =
ΦN,β2,γ2,...,βn,γn(f )(z) is a normalized biholomorphic mapping on ΩN . Therefore, the mapping
family £1 = {ΦN,β2,γ2,...,βn,γn(f )(z): f ∈ S} is given. Consequently, we obtain the following
result from Theorem 2.2.
Theorem 2.3. r∗(£1) = tanh π4 .
Proof. Since the radius of starlikeness for S is r = tanh π4 (see [6]), hence for any f ∈ S, g(z) =
1
r
f (rz) is a normalized biholomorphic starlike function on D. By Theorem 2.2, we obtain that
ΦN,β2,γ2,...,βn,γn(g)(z) =
(
g(z1),
(
g(z1)
z1
)β2(
g′(z1)
)γ2z, . . . ,(g(z1)
z1
)βn(
g′(z1)
)γnw)′
is a biholomorphic starlike mapping on ΩrN and so is the mapping(
f (rz1),
(
f (rz1)
rz1
)β2(
f ′(rz1)
)γ2rz, . . . ,(f (rz1)
rz1
)βn(
f ′(rz1)
)γnrw)′.
Taking rz1 = a1, rz = a, rw = b, then (f (a1),
(f (a1)
a1
)β2(f ′(a1))γ2a, . . . , (f (a1)a1 )βn(f ′(a1))γnb)′
is a normalized biholomorphic starlike mapping on ΩrN . So r∗(£1) = tanh π4 . 
When k2 = · · · = kn = 1, from Theorem 2.3, we immediately obtain the following corollary.
Corollary 2.3. Let £2 = {Φn,β2,γ2,...,βn,γn(f )(z): f ∈ S}, then r∗(£2) = tanh π4 .
3. Generalized Roper–Suffridge operator preserves starlikeness of order α
In order to obtain the main theorem in this section, we need to give the following lemma, its
proof is similar to the corresponding proof of Lemma 1.1 in [15] (we omit the proof here).
Lemma 3.1. Suppose ρ(z) is the Minkowski functional of Ωp1,...,pn , z ∈ Ωp1,...,pn \ {0}. Then
∂ρ
∂zj
(z) = pjzj |
zj
ρ(z)
|pj−2
2ρ(z)
[∑n
k=1 pk| zkρ(z) |pk
] , j = 1, . . . , n,
where Ωp1,...,pn = {z ∈Cn:
∑n
j=1 |zj |pj < 1},pj > 0, j = 1, . . . , n.
Theorem 3.1. Suppose α ∈ (0,1). If f is a starlike function of order α on D, then
F(z) = Φn,β2,γ2,...,βn,γn(f )(z)
=
(
f (z1),
(
f (z1)
z1
)β2(
f ′(z1)
)γ2z2, . . . ,
(
f (z1)
z1
)βn(
f ′(z1)
)γnzn
)′
(3.1)
is a starlike mapping of order α on Ωn,p1,p2,...,pn = {z ∈ Cn:
∑n
j=1 |zj |pj < 1}, where 0 <
p1  2, pj  1, βj ∈ [0,1], γj ∈ [0, 1pj ], βj + γj  1, and we choose the branch of the power
function in (3.1) such that (f (z1) )βj |z1=0 = 1 and (f ′(0))γj = 1, j = 2, . . . , n.z1
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we need to prove∣∣∣∣2α 2ρ(z) ∂ρ(z)∂z J−1F (z)F (z) − 1
∣∣∣∣< 1, z ∈ Ωn,p1,p2,...,pn \ {0}.
Straightforward computation shows that
JF (z) =
⎛
⎜⎝
f ′(z1) 0 · · · 0
a2
(f (z1)
z1
)β2(f ′(z1))γ2 · · · 0
· · · · · · · · · · · ·
an 0 · · ·
(f (z1)
z1
)βn(f ′(z1))γn
⎞
⎟⎠ ,
J−1F (z) =
⎛
⎜⎜⎝
1
f ′(z1) 0 · · · 0
b2
(f (z1)
z1
)−β2(f ′(z1))−γ2 · · · 0
· · · · · · · · · · · ·
bn 0 · · ·
(f (z1)
z1
)−βn(f ′(z1))−γn
⎞
⎟⎟⎠ ,
where
aj =
[
βj
(
f ′(z1)
f (z1)
− 1
z1
)
+ γj f
′′(z1)
f ′(z1)
](
f (z1)
z1
)βj (
f ′(z1)
)γj zj ,
bj =
[
βj
(
1
z1f ′(z1)
− 1
f (z1)
)
− γj f
′′(z1)
(f ′(z1))2
]
zj , j = 2, . . . , n.
Hence
J−1F (z)F (z) =
⎛
⎜⎜⎜⎜⎝
f (z1)
f ′(z1)
(1 − β2 + β2 f (z1)f ′(z1)z1 − γ2
f ′′(z1)f (z1)
(f ′(z1))2
)z2
...
(1 − βn + βn f (z1)f ′(z1)z1 − γn
f ′′(z1)f (z1)
(f ′(z1))2
)zn
⎞
⎟⎟⎟⎟⎠ .
When z ∈ Ωn,p1,p2,...,pn \ {0}, denote wj = zjρ(z) , j = 1, . . . , n, A =
∑n
j=1 pj |wj |pj . In view of
Lemma 3.1, we have∣∣∣∣2α 2ρ(z) ∂ρ(z)∂z J−1F (z)F (z) − 1
∣∣∣∣
=
∣∣∣∣∣2αA
[
f (z1)
f ′(z1)z1
p1|w1|p1
+
n∑
j=2
(
1 − βj + βj f (z1)
f ′(z1)z1
− γj f
′′(z1)f (z1)
(f ′(z1))2
)
pj |wj |pj
]
− 1
∣∣∣∣∣
=
∣∣∣∣∣2αA
[
n∑
j=2
(1 − βj )pj |wj |pj +
(
p1|w1|p1 +
n∑
j=2
βjpj |wj |pj
)
f (z1)
f ′(z1)z1
−
(
n∑
γjpj |wj |pj
)
f ′′(z1)f (z1)
(f ′(z1))2
]
− 1
∣∣∣∣∣.
j=2
612 X. Liu / J. Math. Anal. Appl. 324 (2006) 604–614Denote p(z1) = 2α f (z1)f ′(z1)z1 − 1, z1 ∈ D. Since f is a starlike function of order α on D, so p(z1)
is a holomorphic function on D, and f (D) ⊂ D. Also
f (z1)
f ′(z1)
= p(z1)z1 + z1
2α
.
Hence
1 − f
′′(z1)f (z1)
(f ′(z1))2
= 1 + p(z1) + p
′(z1)z1
2α
.
That is
f ′′(z1)f (z1)
(f ′(z1))2
= 1 − 1
2α
− p(z1)
2α
− p
′(z1)z1
2α
.
Therefore∣∣∣∣2α 2ρ(z) ∂ρ(z)∂z J−1F (z)F (z) − 1
∣∣∣∣
=
∣∣∣∣∣ 1A
[
n∑
j=2
2α(1 − βj )pj |wj |pj +
(
p1|w1|p1 +
n∑
j=2
βjpj |wj |pj
)(
p(z1) + 1
)
−
(
n∑
j=2
γjpj |wj |pj
)(
2α − 1 − p(z1) − p′(z1)z1
)]− 1
∣∣∣∣∣
=
∣∣∣∣∣ 1A
[
n∑
j=2
(2α − 1)(1 − βj − γj )pj |wj |pj
+
(
p1|w1|p1 +
n∑
j=2
(βj + γj )pj |wj |pj
)
p(z1) +
(
n∑
j=2
γjpj |wj |pj
)
p′(z1)z1
]∣∣∣∣∣.
When
∑n
j=2 γjpj |wj |pj = 0 or z1 = 0, it is easy to verify∣∣∣∣2α 2ρ(z) ∂ρ(z)∂z J−1F (z)F (z) − 1
∣∣∣∣< 1.
Hence, we may suppose
∑n
j=2 γjpj |wj |pj > 0, and z1 
= 0. Note that |2α − 1| < 1, |z1| < |w1|,|p(z1)| < 1, in view of Lemma 2.1, we obtain∣∣∣∣2α 2ρ(z) ∂ρ(z)∂z J−1F (z)F (z) − 1
∣∣∣∣
 1
A
[
n∑
j=2
(1 − βj − γj )pj |wj |pj +
(
p1|w1|p1 +
n∑
j=2
(βj + γj )pj |wj |pj
)∣∣p(z1)∣∣
+
(
n∑
j=2
γjpj |wj |pj
)
|z1|(1 − |p(z1)|2)
1 − |z1|2
]
− 1 + 1
 1
A
[
−
n∑
(βj + γj )pj |wj |pj + p1|w1|p1
(|p(z1)| − 1)
j=2
X. Liu / J. Math. Anal. Appl. 324 (2006) 604–614 613+
(
n∑
j=2
(βj + γj )pj |wj |pj
)∣∣p(z1)∣∣+
(
n∑
j=2
γjpj |wj |pj
)
|z1|(1 − |p(z1)|2)
1 − |z1|2
]
+ 1
<
1 − |p(z1)|
A
[
−p1|w1|p1 −
n∑
j=2
(βj + γj )pj |wj |pj +
(
n∑
j=2
γjpj |wj |pj
)
2|w1|
1 − |w1|2
]
+ 1.
We consider the following two cases.
Case 1. When |w1|
√
2 − 1, denote B = min2jn{γjpj }, then∣∣∣∣2α 2ρ(z) ∂ρ(z)∂z J−1F (z)F (z) − 1
∣∣∣∣
<
1 − |p(z1)|
A
[
−
n∑
j=2
βjpj |wj |pj − p1|w1|p1 − B
(
1 − |w1|p1
)
+ 2B|w1|(1 − |w1|
p1)
1 − |w1|2
]
+ 1
 1 − |p(z1)|
A
−p1|w1|p1(1 − |w1|2) + (1 − |w1|p1)(B|w1|2 + 2B|w1| − B)
1 − |w1|2 + 1
 1.
Case 2. When
√
2 − 1 |w1| < 1, then∣∣∣∣2α 2ρ(z) ∂ρ(z)∂z J−1F (z)F (z) − 1
∣∣∣∣
<
1 − |p(z1)|
A
[
−
n∑
j=2
βjpj |wj |pj − p1|w1|p1 −
(
1 − |w1|p1
)+ 2|w1|(1 − |w1|p1)
1 − |w1|2
]
+ 1
 1 − |p(z1)|
A
−p1|w1|p1(1 − |w1|2) + (1 − |w1|p1)(|w1|2 + 2|w1| − 1)
1 − |w1|2 + 1
= 1 − |p(z1)|
A
2|w1|2 − p1|w1|p1 + (p1 − 2)|w1|p1+2 − (1 − |w1|p1)(|w1| − 1)2
1 − |w1|2 + 1.
In view of the proof of Lemma 2.2, we have C(t) = t2(2−p1tp1−2 + (p1 −2)tp1) 0, t ∈ (0,1).
Therefore∣∣∣∣2α 2ρ(z) ∂ρ(z)∂z J−1F (z)F (z) − 1
∣∣∣∣< 1.
This completes the proof. 
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